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cations to deep inelastic structure functions in an exactly solvable model and to
the calculation of the deuteron electromagnetic form factors are presented.
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1 Introduction
Both QCD theory and eective models use the current operator as a funda-
mental input for evaluating elastic and inelastic form factors of relativistic
systems of interacting particles. The electromagnetic (em) and weak current
operators for these systems should properly commute with the Poincare gen-
erators and satisfy hermiticity. For instance, in the case of deep inelastic





eıqxhP; jJµ(x)Jν(0)jP; id4x (1)
will have correct transformation properties relative to the Poincare group
(i.e., Wµν will be a true tensor) only if both the initial state of the nucleon,
jP; i with four-momentum P and internal wave function , and the oper-
ator Jµ(x) have correct transformation properties with respect to the same
unitary representation of the Poincare group.
The electromagnetic current should also satisfy parity, P , and time rever-
sal, T , covariance, i.e., it has to satisfy extended Poincare covariance, as well
as continuity equation.
An example of the necessity of compatibility between the generators of
the Poincare group and the current operators is clearly met in the inves-
tigation of elastic and inelastic hadron form factors within the front-form
Hamiltonian dynamics [?]. In this framework hadron form factors are often
calculated assuming that, in the reference frame where q+ = 0, the compo-
nent J+(0) can be taken in impulse approximation, IA (the  components
of four-vectors are dened as p = (p0  pz)=p2). Consider for example the
elastic electron scattering for a spin 1 system, as the deuteron or the  me-
son. If  and 0 are the helicities in the initial and nal states, respectively,
and Iλ′λ = h0jJ+(0)ji, then, because of P and T covariance, all the matrix
elements Iλ′λ can be expressed in terms of I11, I00, I10 and I1,−1. As follows
from extended Poincare covariance, current conservation and hermiticity, the
elastic electron-deuteron scattering is described by three independent, real
form factors and therefore the above matrix elements are not independent.
As shown, e.g., in Refs. [?, ?], if  = Q2=4m2d, with md the deuteron mass,
then the following constraint, called "angular condition" must be fullled in
the q+ = 0 frame, viz.
(1 + 2)I11 − I00 − (8)1/2I10 + I1,−1 = 0: (2)
However this relation, which is related to the rotational covariance of the
current, is not satised if the matrix elements Iλ′λ are calculated with the free
operator, J+free(0), and one has four independent matrix elements. Therefore
dierent prescriptions are possible to calculate the three physical form factors
and there is a large ambiguity in the theoretical results [?].
In Ref. [?] it was shown that a particular attention has to be devoted
to the choice of the reference frame. Indeed in the front form the rotations
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around the x and y axes are dynamical, while those around the z axis are
kinematical. Because of this peculiarity, in the Breit frame where the momen-
tum transfer, q, is directed along the spin-quantization axis (and q+ 6= 0),
all the requirements of extended Poincare covariance can be satised by a
current operator obtained from the free current.
Using this Poincare covariant current we investigated two distinct prob-
lems: i) the DIS in an exactly solvable model, where the particles interact
through a relativistic harmonic oscillator potential; taking exactly into ac-
count the interaction both in the initial and in the nal state, the structure
functions, averaged over small intervals of the Bjorken variable x, coincide in
the Bjorken limit with the results of the parton model [?]; ii) the deuteron
em properties; we will present in this paper our preliminary results for the
deuteron elastic form factors.
2 General Formalism
Let P be the operator of the four-momentum for the system under consider-
ation. As well-known (see, e.g., Ref. [?]), the current operator should satisfy
the conditions
exp({Px)Jµ(0) exp(−{Px) = Jµ(x); (3)
U(l)−1Jµ(x)U(l) = L(l)µνJ
ν(L(l)−1x) (4)
where L(l) is the element of the Lorentz group corresponding to l 2 SL(2; C)
and U(l) is the representation operator corresponding to l.
Let us consider Eq. (3) as the denition of Jµ(x) in terms of Jµ(0). Then
the Poincare covariance of Jµ(x) takes place if
U(l)−1Jµ(0)U(l) = L(l)µνJ
ν(0) (5)
In Ref. [?] it was shown how obtain a current which satises this Lorentz
covariance condition. In Section 3 we will summarize our procedure, while in
the present section a brief introduction of front form is given.
Let p be the particle 4-momentum, g = p=m the particle 4-velocity, s the
spin operator, and  the projection of the spin on the z axis. Since p2 = m2,
only three components of p are independent. In the front form one chooses
p? and p+ as such components, where p?  (px; py) and p = (p0pz)=
p
2).





Dsσσ′ [W (l; g
0)](p0; 0) (6)
where p0 = L(l)−1p and W (l; g0) is the front-form Wigner rotation dened as
W (l; g0) = (g)−1l(g0) (7)
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The matrices (g) 2 SL(2,C) represent the front-form boosts. The action
of the boost L[(g)]−1 is such that p0 = L[(g)]−1p  (p0? = 0; p0+ =
m=
p
2; p0− = m=
p
2). In Eq. (6), Ds(u) is the matrix of the unitary irre-
ducible representation (UIR) of the group SU(2) with spin s, corresponding
to u 2 SU(2) (it is easy to verify that W (l; g0) 2 SU(2)).
The space H for the representation of the Poincare group describing a
system of N free particles with masses mi and spins si (i = 1; 2; :::; N) can
be realized as the space of functions (p1?; p
+
1 ; 1; :::;pN?; p
+
N ; N ). Instead
of the variables p1?, p
+
1 ,..., pN?, p
+
N , we consider the variables P?, P
+,
and the internal variables k1,..., kN , where P = p1 + ::: + pN is the total
four-momentum, and ki is the spatial part of the four-vector
ki = L[(G)]−1pi; (8)
with G = P=M0 and M0 = jP j  jP 2j1/2.
The wave function of the state jP 0; 0i 2 H with four-momentum P 0 and
internal wave function 0 2 Hint can be written in the form
hP?; P+;k1; 1; :::;kN ; N jP 0; 0i = 2(2)3P ′+(2)(P? −P0?) 
(P+ − P ′+)0(k1; 1; :::;kN ; N ) (9)
The spin operator S for the system as a whole acts only through the
variables of the space Hint and is unitarily equivalent to the spin operator in
the conventional form (see, e.g., Refs. [?, ?, ?]):
S = R−1(L+ s1 + ::: + sN )R (10)
where L is the total internal orbital angular momentum operator, R =
f∏Ni=1 Dsi [v( kimi )]g and v(g) 2 SU(2) is the so called Melosh matrix [?],
which in the given context was rst considered in Ref. [?].
The internal wave function can be written as follows
0(k1; 1; :::;kN ; N ) = hk1; 1; :::;kN ; N j0i = hk1; 1; :::;kN ; N jR−1ji;
(11)
where ji is an eigenstate of canonical spin, L+ s1 + ::: + sN .
3 Extended Lorentz covariance of the current operator
and current conservation
Let i be the orthogonal projector onto the subspace Hi  iH correspond-
ing to the eigenvalue of the mass operator equal to Mi and to the eigenvalue
of the spin equal to Si. In constituent quark models the spectrum of the
mass operator is discrete, but in the general case one has also to consider the
continuous spectrum (e.g., in the parton model). For this reason we will not
specify whether the index enumerating the eigenstates of the mass operator
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is discrete or continuous. In the latter case a sum over i should be understood
as an integration.
The key property of our procedure [?] is the following spectral decompo-






Because of this decomposition the operator Jµ(0) is fully dened by the set
of operators in internal space
Jµ(Pi; P 0j)  hP?; P+jiJµ(0)j jP0?; P
′+i (13)
corresponding to denite values of the masses. At any xed values of
(P0?; P
′+) and (P?; P+), these operators act from Hj,int to Hi,int, where
Hi,int = iHint.
First of all, let us consider the covariance with respect to continuous
Lorentz transformations.
In order to investigate in detail the constraints imposed on Jµ(Pi; P 0j) by
Lorentz covariance, it is convenient to consider the current in a Breit frame.
The Breit frame is dened as the reference frame where the initial and nal
momenta are
Ki = B(Hij)−1Pi; K 0j = B(Hij)
−1P 0j (14)
In Eq. (14) Hij  (Pi + P 0j)=jPi + P 0j j and B(Hij) denotes the Lorentz trans-







j ; Ki + K
0
j = 0 (15)
The current operator Jµ(Pi; P 0j) can be dened through a front-form boost
from the current in the Breit frame
Jµ(Pi; P 0j) = B(Hij)
µ
ν j
ν(Ki; Mi; Mj) (16)
where we use jν(Ki; Mi; Mj) to denote Jµ(Ki; K 0j), i.e. the current in the
Breit frame. The latter can be dened in terms of the current in the special
Breit frame where the three-momentum of the system, Ki, is directed along
the z axis:









where r(Ki) 2 SU(2) is such that L[r(Ki)]Kez = Ki.
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It has been shown [?] that the operator Jµ(0) is Lorentz covariant if the
current in the special Breit frame is covariant with respect to rotations around
the z axis, uz, viz.
jµ(Kez; Mi; Mj) = L(uz)µν exp(−{’Szi )jν(Kez; Mi; Mj) exp({’Szj ) (18)
where exp(−{’Szi(j)) = DSi(j)(uz).
In the front form the rotations around the z axis are interaction free,
and therefore the continuous Lorentz transformations constrain the current
jµ(Kez; Mi; Mj) for a non-interacting system in the same way as in the in-
teracting case. The same property holds for the covariance with respect to
a reflection of the y axis, Py , and with respect to the product of parity and
time reversal, , which leave the light cone x+ = 0 invariant, and therefore
are kinematical. Since the full space reflection is the product of Py and a dy-
namical rotation around the y axis by , while T = P , the current operator
satises P and T covariance if it satises Poincare covariance and covariance
with respect to Py and .
In conclusion for an interacting system the extended Lorentz covariance is
clearly satised by a current composed in our Breit frame by the sum of free,
one-body currents, because the constraints are the same for a non-interacting
and an interacting system, viz.







with N the number of constituents in the system.
The property of hermiticity
jµ(−K; Mj; Mi) = jµ(K; Mi; Mj) (21)
where  means the Hermitian conjugation in Hint, is satised for jKj 6= 0 if
jµ(Kez; Mi; Mj) =
L[rx(−)]µν DSj [rx(−)]jν(Kez; Mj; Mi)DSi [rx(−)])−1; (22)
where rx(−) represents a rotation by − around the x axis. It is worth
noting that Eq. (22) represents a non trivial constraint when Mi = Mj (i.e.,
for elastic scattering).
The continuity equation @Jµ(x)=@xµ = 0 in terms of Jµ(0) reads
[Pµ; Jµ(0)] = 0 (23)
and will be satised if
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(Pi − P 0j)µJµ(Pi; P 0j) = 0: (24)
In our particular Breit frame, if K 6= 0, Eq. (24) becomes




i )−M2j =(2K 0+j )
]
(K+i −K 0+j )
j+(Kez ; Mi; Mj) (25)
and then only j+(Kez; Mi; Mj) and j−(Kez; Mi; Mj) are constrained by the
continuity equation, while j?(Kez ; Mi; Mj) remains unconstrained. In the
elastic case (Mi = Mj = m; Si = Sj = S) Eq. (25) reads
j−(Kez; m; m) = j+(Kez ; m; m) (26)
This condition implies that jz(Kez; m; m) = 0. As shown in ref. [?], it is
important to notice that, in the elastic case, the extended Lorentz covariance
and hermiticity imply Eq. (26), i.e., impose current conservation.
4 Deep inelastic scattering in an exactly solvable
model
Let us consider the hadronic tensor for a system of internal state j0i, mass
m and initial momentum P in the Breit reference frame, with P? = q? = 0,





(2)4(4)(P + q − P 0)h0jjµ(Kez; m; M 0)j0i 
h0jjν(−Kez; M 0; m)j0i (27)
where the sum is taken over all possible nal states with four-momentum P 0,
internal wave function 0, and mass M 0 [?].
We consider a system of two dierent, interacting particles with the same
mass, m0, and spin 1=2, in the ground state with internal wave function
0(k?; ; 1; 2) = hk; 1; 2j0i = hk; 1; 2jR−1jΨ0i!(k)1/2; (28)
where  = p+1 =P
+, k? = p1? − P?, and jΨ0i is an eigenstate of canonical
spin (see Eq. (11 and Ref. [?]). The internal momentum is k = (k?; kz),
where kz = (2 − 1)!(k) and !(k) = (m20 + k2)1/2.






(2)4(4)(P + q − P 0)h0jjµ(Kez; m; M 0)j0i 
h0jjν(Kez ; m; M 0)j0i (29)
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In the chosen reference frame and in the Bjorken limit (Q2 ! 1, x =
Q2=(2Pq)) one obtains [?]
W jl = jlF1(x; Q); (j; l = 1; 2)
W++ =
1
4(2− x) [F2(x; Q)− 2xF1(x; Q)]: (30)
In the parton model the current operator is taken in IA, viz.
jµ(Kez; m; M 0) = h0; P+jJµfree(0) 0j0; P
′+i (31)
where  and  0 are the orthogonal projectors onto the states with masses
m and M 0, respectively (see Eqs. (19, 20). In Sect. 3, we have already shown
that the free current fullls the extended Lorentz covariance in our Breit
frame; moreover, as already noted, the hermiticity property, Eq. (22), does
not impose any further constraint in DIS, since m 6= M 0 [?]. As far as the
continuity equation is concerned, in the actual calculations of the structure
functions only three components of the current are needed and can be chosen
unconstrained with respect to the current conservation (e.g., one can use the
+ and ? components of the free current operator in our special Breit frame,
even in the case where the nal state interaction is present), while the fourth
component can be determined through the current conservation, see Eq. (25)
[?].
One of the major parton model assumptions is that the nal state inter-
action (FSI) of the struck quark with the residual part of the target can be
neglected. This implies that in our case the nal states of the system, jXi
are the states of two free particles:
jXi = jp01; 01ijp02; 02i (32)
As a consequence within the parton model in the Bjorken limit one obtains








j0(k?;  = x; 1; 2)j2 d
2k?
2(2)3x(1− x) (33)
where (x) is the probability distribution of the momentum fraction. Fur-
thermore, all the longitudinal components of W µν are equal to zero, i.e.,
W+ν = W−ν = Wµ+ = Wµ− = 0 ; (34)
and then the Callan-Gross relation holds
F2(x) = 2xF1(x) (35)
Let us now consider the exact hadronic tensor for the two particles, which
in our exactly solvable model interact via a relativistic harmonic oscillator
potential.
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In the front-form dynamics if ~M is the mass operator for the functions Ψ
(see Eq. (28)) and the interaction operator V is dened as ~M2 = M20 + V ,
then the equation ~M2Ψn = M2nΨn has the same form as the nonrelativistic




+ v)Ψn(k; 1; 2) = EnΨn(k; 1; 2) (36)
where
v = V=4m0; En = (M2n − 4m20)=4m0 (37)
We choose the function v(r) in the form v(r) = a4r2=m0, where a is some
constant with the dimension GeV . Then Eq. (36) is the well-known equation
for the harmonic oscillator and the solutions are given by products of har-
monic oscillator eigenstates and ordinary spin eigenfunctions. The eigenvalues
of the mass operator are equal to
Mn = 2[m20 + a
2(2n + 3)]1/2 (38)
with n = n1 + n2 + n3 ( ni = 0; 1; 2::: ).
While in the parton model F1(x) and F2(x) are continuous functions of
x, using the exact nal state eigenfunctions the structure functions become
linear combinations of delta-functions, which, at xed Q, are not equal to zero
only for discrete values of x. In order to recover continuous structure functions







Fi(x; Q)dx; i = 1; 2 (39)
where x belongs to the small interval [x1; x2], such that x2 − x1  x.
We have demonstrated [?] that in the Bjorken limit
F1(x; Q) ! F1(x) = 12(x);
F2(x; Q) ! F2(x) = 2x F1(x): (40)
Therefore, within our exactly solvable model, in the Bjorken limit the av-
eraged structure functions F1 and F2 do not depend on Q, namely one has
Bjorken scaling, and the results of the parton model are recovered. Further-
more the usual interpretation of the Bjorken variable x as the momentum
fraction of the struck quark ( = x) is also valid if the FSI is exactly taken
into account.
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5 Deuteron electromagnetic form factors
For the evaluation of the elastic deuteron electromagnetic form factors we
will adopt a current which satises extended Lorentz covariance, hermiticity
and current conservation.
Let  be the projector onto the subspace of bound states ji of mass
m and spin S, and let J µ(Kez; m; m) be a current which fullls extended
Lorentz covariance. As we have already seen (see Eqs. (19, 20), a possible
choice is the following one










[(m2 + K2)1/2 −K] (42)
and K = Q=2. A choice for the current compatible with the hermiticity
condition, Eq. (22), and with the extended Lorentz covariance is [?]
jµ(Kez; m; m) =
1
2
fJ µ(Kez; m; m) + J µ(−Kez ; m; m)g (43)
where J µ(−Kez ; m; m) is given by
J µ(−Kez ; m; m) = Lµν [rx(−)] exp({Sx)
J ν(Kez; m; m) exp(−{Sx) (44)
This current fullls also the current conservation. Indeed, as mentioned in
Section 3, in the elastic case the extended Lorentz covariance, together with
hermiticity, imposes current conservation [?].
It can be immediately obtained that
hmSSzjj+(Kez; m; m)jmSSzi = hmSSzjJ+(Kez; m; m)jmSSzi; (45)
hmSSzjjx(Kez; m; m)jmSS0zi =
1
2
[hmSSzjJx(Kez; m; m)jmSS0zi −
hmSS0zjJx(Kez; m; m)jmSSzi] (46)
In the elastic case one has only 2S + 1 non-zero independent matrix ele-
ments for the em current dened in Eqs. (43) and (44), corresponding to the
2S + 1 elastic form factors. The independent matrix elements can be chosen
as the diagonal matrix elements of j+ with Sz  0 and the matrix elements
hmSSzjjx(Kez; m; m)jmSSz − 1i of jx with Sz  +1=2 [?].
For the deuteron the matrix elements of the current are related to the
elastic form factors F0, F1, F2 by the following general expression of the
macroscopic current [?, ?]
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where eα1Sz is the deuteron polarization vector and q = P − P 0.
A relevant result of our approach is that, if one adopts in the left hand
side the microscopic current dened by the Eqs. (20, 41), (43) and (44), the
extraction of elastic em form factors is no more plagued by the ambiguities
which are present when the free current is used in the reference frame where
q+ = 0 (see, e.g., [?, ?, ?]), as we discussed in the Introduction. For the
deuteron only three of the matrix elements hmdSSzjjµ(Kez ; md; md)jmdSS0zi
are independent (e.g., hmd10jj+jmd10i, hmd11jj+jmd11i, hmd11jjxjmd10i),
corresponding to the three elastic em form factors (if the current is taken free
in the q+ = 0 frame, one has four independent matrix elements [?]).
Table 1. Deuteron magnetic and quadrupole moments, corresponding to different
D-state percentages, PD ( µ
exp




Interaction PD µd (ref.[?]) µd (this paper) Qd (ref.[?]) Qd (this paper)
RSC 6.47 0.8500 0.8611 0.2804 0.2852
Av14 6.08 0.8516 0.8608 0.2866 0.2907
Paris 5.77 0.8531 0.8632 0.2795 0.2841
Av18 5.76 0.8635 0.2744
We computed the form factors A(Q2) and B(Q2), which appear in the
unpolarized cross section, and the tensor polarization T20. These quantities
can be expressed as follows


















Q + 4GQGC + fG
2
M
A + B tan2(=2)
(48)
where  = Q2=(4m2d), f = 1=2 + (1 + ) tan
2(=2), and
GC(Q2) = (1 +
2
3




GM (Q2) = F1
GQ(Q2) = F0 − F1 − (1 + )F2 (49)
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